1. Fundamental solutions
========================

In a three-dimensional elastic half-space, elastic equilibrium equations in terms of displacement components *u*~*r*~,*u*~θ~,*u*~*z*~ in an axi-symmetrical coordinate *r*, θ, *z* can be written as follows. They arewhere ![](pjab-90-047-i001.jpg) and ![](pjab-90-047-i002.jpg).

Expressing the displacement components *u*~*r*~,*u*~θ~,*u*~*z*~ by two displacement functions Φ and Ψ, and denoting Poission's ratio as ν, one obtains^[@r03])^Substituting these into Eq. \[[1-1](#e01.01){ref-type="disp-formula"}\], the following two fundamental equations are obtained. They arewhere ![](pjab-90-047-i003.jpg).

Using these two displacement functions, six stress components in the elastic half-space are written as^[@r03])^where μ is the Lame's constant and ν is the Poisson's ratio.

The technique of separation of variables enables us to express the two displacement functions asDenoting the Hankel transforms of Φ~*m*~ and Ψ~*m*~ as^[@r04])^where *J*~*m*~(ξ*r*) is the Bessel function of first kind.

Putting these into Eq. \[[1-3](#e01.03){ref-type="disp-formula"}\] leads to a set of ordinary differential equationsfor which solutions arewhere *A*~*m*~,*B*~*m*~,,,*F*~*m*~ are constants to be determined from boundary conditions.

Inverse Hankel transforms of Eq. \[[1-6](#e01.06){ref-type="disp-formula"}\] gives Φ~*m*~(*r*,*z*) and Ψ~*m*~(*r*,*z*) asSubstituting these into Eqs. \[[1-2](#e01.02){ref-type="disp-formula"}\] and \[[1-4](#e01.04){ref-type="disp-formula"}\], all the displacement and stress components can be derived as

2. Stress analyses for a two layer system subjected to surface shear force
==========================================================================

The boundary conditions when shear stress is applied to the surface of pavement by a vehicle as shown in Fig. [1](#fig01){ref-type="fig"} can be written as follows.^[@r04])^ They are

at *z*=-*h*

at *z*=0

Considering the conditions that all the displacement and stress components tend to be zero at infinity, two functions *G*~*m*~(ξ,*z*) and *H*~*m*~(ξ,*z*) in Eq. \[[1-8](#e01.08){ref-type="disp-formula"}\] are written as

○Upper layer

○Lower layerwhere suffix 1 and 2 refers to the upper and lower layer, respectively.

Nine constants in Eqs. \[[2-3](#e02.03){ref-type="disp-formula"}\] and \[[2-4](#e02.04){ref-type="disp-formula"}\] can be determined from nine boundary conditions in Eqs. \[[2-1](#e02.01){ref-type="disp-formula"}\] and \[[2-2](#e02.02){ref-type="disp-formula"}\]. Putting those constants into Eq. \[[1-10](#e01.10){ref-type="disp-formula"}\] and assuming ν~1~=ν~2~=1/2, stress components σ~*z*~,τ~θ*z*~,τ~*rz*~ are given as where, ![](pjab-90-047-i004.jpg), and *E*~1~ and *E*~2~ denote the Young's modulus of upper and lower layer.

It has been said that the maximum shearing stress τ~max~ in a pavement is one of the factors governing the failure of the pavement. The highest magnitude of τ~max~ in pavements subjected to surface shear force appears along the axis of symmetry in Fig. [1](#fig01){ref-type="fig"}, which is equal to τ~*rz*~ at θ = 0. The maximum τ~max~ for vertical surface force can be given by (σ~*z*~-σ~*r*~)/2.^[@r05])^ The maximum shearing stresses along the axis of symmetry are follows.

a\) Surface shear force

b\) Surface vertical force

3. Numerical analysis and discussions on the results
====================================================

Numerical analysis.
-------------------

In order to visualize the shear stress distributions in two layer systems subjected to surface shear force, numerical integrations were carried out on Eqs. \[[2-5](#e02.05){ref-type="disp-formula"}\] and \[[2-6](#e02.06){ref-type="disp-formula"}\]. The results are shown in Fig. [2](#fig02){ref-type="fig"} for the cases *p*=1,2 and *E*~1~/*E*~2~=2,10,100. Numerical integrations were also conducted on Eqs. \[[2-7](#e02.07){ref-type="disp-formula"}\] and \[[2-8](#e02.08){ref-type="disp-formula"}\] in an attempt to investigate the differences of the effect of τ~max~ on pavement failure for surface shear forces and vertical forces. The results are illustrated in Fig. [3](#fig03){ref-type="fig"}.

Discussions on the results.
---------------------------

### A) Stress distributions.

1\. Unlike the vertical stresses in the two layer systems subjected to vertical force at the surface, shear stresses in the elastic medium subjected to surface shear force do not propagate to deeper areas but tend to spread to the horizontal directions.

2\. One of the shear stress components τ~θ*z*~ does not spread to the horizontal direction as much as τ~*rz*~.

3\. For the case of two layer systems subjected to vertical force, Burmister, D.M.^[@r06]--[@r08])^ found that the stresses tend to concentrate in the upper layer and that the extent of concentration becomes higher for higher ratios of Young's modulus *E*~1~/*E*~2~. The stress concentration takes place also for the case of surface shear force, and the extent is more conspicuous for the same ratio of Young's modulus. It is interesting to notice, however, that the extent of spreading of stresses towards horizontal direction does not vary very much with the Young's modulus ratio.

4\. For two layer systems with a thinner upper layer, propagation of shear stresses into vertical direction becomes less noticeable, while spreading towards horizontal direction does not show so much difference and the whole stress distribution pattern is not much influenced by the magnitude of stressed area at the surface for higher Young's modulus ratios.

5\. Stress contours of shear stress component τ~*rz*~ at lower stress levels, tend to go deeper at places some distance away from the axis of symmetry. This implies that at a horizontal plane at considerable depth the shear stress τ~*rz*~ assumes the maximum value in these areas. Barber, E.S.^[@r01])^ pointed out that this stress is likely to act as the stress to tear the upper layer from the lower layer of a pavement. He stressed the importance of adding the effect of this stress to the stress caused by vertical vehicle load in designing the bonding stress at the interface of pavements.

### B) The maximum shearing stresses in pavements.

1\. On the contrary to two layer systems subjected to vertical surface force in which the distributions of the maximum shearing stress vary very much with the Young's modulus ratio *E*~1~/*E*~2~, the maximum shearing stresses τ~max~ for the cases of surface shear force tend to concentrate in the upper layer irrespective of the magnitude of *E*~1~/*E*~2~.

2\. For vertical surface force, τ~max~ in the upper layer varies very much with the depth of the upper layer irrespective of the values of *E*~1~/*E*~2~ and τ~max~ in the lower layer varies with the depth of the upper layer for higher values of *E*~1~/*E*~2~. This is not the case for surface shear force, which may lead to a conclusion that increasing the depth of upper layer is not a very effective measure to protect pavements from the damage to be caused by surface shear force. However, for surface vertical force, τ~max~ in the upper layer increases very much for higher values of *E*~1~/*E*~2~, although τ~max~ in the lower layer decreases. This implies that the use of a rigid upper layer does not necessarily allow engineers to reduce the thickness of the upper layer.

3\. Takeshita^[@r09])^ proposed an empirical method to determine the thickness of asphalt (upper) layer of a pavement based on τ~max~ along the axis of symmetry of a semi-infinite elastic medium subjected to surface vertical stress *P*~0~. He suggested that τ~max~ in the subgrade (lower layer) should be less than 80% of maximum value of τ~max~ 289*P*~0~.^[@r05])^ His proposal gives 1/*p* = *h*/*a* = 1.51 which means the thickness of the upper layer *h* as 1.51*a*. Simplifying pavements as a two-layer system, the magnitude of *E*~1~/*E*~2~ is considered to be roughly 2--20 for asphalt pavements, for which cases Fig. [3](#fig03){ref-type="fig"} shows that τ~max~ is 0.15--0.18 *P*~0~. Based on these figures, it can be said that Takeshita's proposal gives a considerable overestimation. Reasonable estimation will be somewhere around *h* = *a*.

4\. The Young's modulus ratio *E*~1~/*E*~2~ for concrete pavements is said to be in the range 100--500, while for asphalt pavements it is roughly 2--20 as was described above. Figure [3](#fig03){ref-type="fig"}(a) and (b) show that τ~max~ in the upper layer is higher for concrete pavements subjected to surface vertical force than for asphalt pavements receiving surface shear force. However, τ~max~ is higher in the lower layer in the vicinity of the interface for asphalt pavements subjected to surface shear force than concrete pavements receiving surface vertical force. This implies that surface vertical force is responsible for failure of concrete pavements and that surface shear force contributes very much to the failure of asphalt pavements. This explains why the failure of asphalt pavements takes place very often at crossings and curved parts of asphalt pavements where high surface shear force is likely to be applied. The importance of surface shear force for asphalt pavements was not appreciated very much up until some years ago, but the road designers gradually started understanding the importance of the effect by referring to the results of this study and subsequent studies in the same line. This has led to the improvement of the asphalt pavement design manuals and to dramatic reduction in failure of asphalt pavements.

5\. One of the convenient measures for repairing damaged asphalt pavements is so-called "overlaying"; covering an existing asphalt layer by a thin layer of asphalt mixture. At the time when the effect of surface shear force was not properly taken into account into the design, frequent failures of the overlaying layer took place. In recent years, however, this is not the case, as engineers have understood the mechanism that the surface shear force produces fairly large τ~max~ at the interface between the overlaid layer and the existing asphalt layer as was found out by this research.

4. Concluding remarks
=====================

Conclusions derived from this study are summarized as follows.

1\. Shear stresses in elastic two-layer systems subjected to surface shear force do not propagate to deeper areas but tend to spread to the horizontal directions. The extent of horizontal spreading does not vary very much with the magnitude of Young's modulus ratio.

2\. One of the shear stress components τ~θ*z*~ does not spread to the horizontal directions as much as τ~*rz*~. The shear stress component τ~*rz*~ at a horizontal plane assumes the maximum value in the areas below the edge of the surface force in deeper areas.

3\. The extent of vertical propagation of shearing stresses in elastic two-layer systems subjected to surface shear force becomes smaller for higher magnitudes of the ratio of radius of loaded area to the thickness of the upper layer, but the extent of horizontal spreading does not change very much with the ratio.

4\. There are marked differences between the patterns of distribution of the maximum shear stresses in two-layer systems subjected to surface shear force and in those subjected to surface vertical force. The former tends to concentrate to the upper layer irrespective of the magnitude of Young's modulus ratio, but for the latter, the extent of concentration varies very much with the magnitude of Young's modulus ratio.

5\. It has been said that pavements at crossings as well as curved parts are subjected to surface shear force of which magnitude is similar to that of surface vertical force coming from the weight of vehicles. The results of this study shows that the maximum shear stresses brought about by surface shear force in the areas near the surface of the upper layers are higher than those by surface vertical force for lower Young's modulus ratios which is the case for asphalt pavements. This implies that the effect of surface shear force should be carefully considered in designing asphalt pavements.
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![Axisymmetric polar coordinate used in the analysis; *a* and *P* denote the radius of loaded area and total shear force respectively.](pjab-90-047-g001){#fig01}

###### 

Pressure bulbs for τ~*rz*~ and τ~θ*z*~ for two-layer systems subjected to surface shear force. (Figures on the stress contour lines indicate the percentage of the shear stress on each contour line to the surface shear force.)
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![Maximum shearing stress τ~max~ in two-layer systems subjected to surface shear force/surface vertical force.](pjab-90-047-g004){#fig03}

[^1]: (Communicated by Kiyoshi HORIKAWA, M.J.A.)
